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SHIN HATTORI 

Abstract. Let p be a rational prime, k he a. perfect field of charac- 
teristic p, W = W{k) be the ring of Witt vectors, K he sl finite to- 
tally ramified extension of Frac(H^) of degree e and r be a non-negative 
integer satisfying r < p — 1. In this paper, we prove the upper num- 
bering ramification group G^' for j > u{K, r, n) acts trivially on the 
p"-torsion semi-stable Gif-representations with Hodge- Tate weights in 
{0, . . . , r}, where u{K, 0, n) = 0, u{K, 1, n) = I + e(n -I- l/(p - I)) and 
u{K, r, n) = 1 — -|- e(n -|- r/(p — I)) for 1 < r < p — 1. 



1. Introduction 

Let p be a rational prime, k he a perfect field of characteristic p, W = 
W{k) be the ring of Witt vectors and K he a. finite totally ramified extension 
of Kq = Frac(T^) of degree e = e{K). We normalize the valuation vk of 
K as vk{p) = e and extend this to any algebraic closure of K. Let the 
maximal ideal of K he denoted by mx, an algebraic closure oi K hy K 
and the absolute Galois group of K hy Gk = Ga\{K/K). Let G^^ denote 
the j'-th upper numbering ramification group in the sense of [10]. Namely, 

we put G^^ = G-'j^^, where the latter is the upper numbering ramification 
group defined in [18]. 

Consider a proper smooth scheme Xx over K and put Xj^ = Xk xr K. 
Let C ^ C he Gic-stable Zp-lattices in the r-th etale cohomology group 
H^^{Xj^,Qp) such that the quotient jC/C is killed by p". In [10], Fontaine 

conjectured the upper numbering ramification group acts trivially on 
the Gi^-modules C/C and i?r^(X^, Z/p"Z) for j > e(n + r/(p - 1)) if Xk 
has good reduction. For e = 1 and r < p — 1, this conjecture was proved 
independently by himself ([H], for n = 1) and Abrashkin ([3], for any n), 
using the theory of Fontaine-Laffaille ( [13] ) and the comparison theorem of 
Fontaine-Messing ([T^, see also [5] and [7]) between the etale cohomology 
groups of Xk and the crystalline cohomology groups of the reduction of 
Xk- From these results, they also showed some rareness of a proper smooth 
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scheme over Q with everywhere good reduction ( Theoreme 1] , [21 Section 
7]). In fact, they proved this ramification bound for the torsion crystahine 
representations of Gk with Hodge- Tate weights in {0, ■ ■ ■ ,r} in the case 
where K is absolutely unramified. 

On the other hand, for a torsion semi-stable representation with Hodge- 
Tate weights in the same range, a similar ramification bound for e = 1 
and n = 1 is obtained by Breuil (see [2, Proposition 9.2.2.2]). He showed, 
assuming the Griffiths transversality which in general does not hold, that if 
e = 1 and r < p — 1, then the ramification group Gj. acts trivially on the 
mod p semi-stable representations for j > 2 + l/{p — 1). 

In this paper, we prove a ramification bound for the torsion semi-stable 
representations of Gk with Hodge- Tate weights in {0, ■ ■ ■ ,r} with no as- 
sumption on e but under the assumption r < p — 1. Let vr be a uniformizer 
of K, E(u) G W[u] be the Eisenstein polynomial of n over W and S be the 
p-adic completion of the divided power envelope of W[u] with respect to the 
ideal {E{u)). Consider a category Mod^^'^ of filtered {4>r , N)-modules over 
the ring S and a Gi^-module 

T*t,AM) = Hom5,Fir,0,,7v(>^,ist,oo) 

for M G Mod'/^f, where A 

st,oo is a p-adic period ring (f6]). Then our main 

theorem is the following. 

Theorem 1.1. Let r be a non-negative integer such that r < p — 1. Let A4 

be an object of the category Mod^f'^ which is killed by p". Then the j-th 

/Joe 

upper numbering ramification group Gj^ acts trivially on the Gk -module 
^st,7r(-^) forj > u{K,r,n), where 

r (r = 0), 

u{K,r,n) = 1 l + e(n+^) (r = 1), 

[ l-^ + e(n+^) (l<r<p-l). 

We can check that this bound is sharp for r < 1 (Remark I5.15P . 
From this theorem and [lOj Proposition 1.3], we have the following corol- 
lary. 

Corollary 1.2. Let the notation be as in the theorem and L be the finite 
extension of K cut out by the GK-module T*^^{A4). Namely, the finite 
extension L is defined by 

Gl = KeT{GK ^ Knt{TlJ,M))). 

Let 'Zi^jK denote the different of the extension L/K. Then we have the 
inequality 

vk{'3l/k) < u{K,r,n) 
for r > and vk{^l/k) = for r = 0. 
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Combining these results with a theorem of Liu ([17, Theorem 2.3.5]) or a 
theorem of Caruso ([U Theoreme 1.1]), we will show the corollary below. 

Corollary 1.3. Let r be a non-negative integer such that r < p — 1. Then 
the same bounds as in Theorem and Corollary are also valid for the 
torsion Gk -modules of the following two cases: 

(1) the Gx-'module C/C , where £ 3 £' are Gx-stable Zp-lattices in 
a semi-stable p-adic representation V with Hodge-Tate weights in 
{0, . . . , r} such that C/C is killed by p". 

(2) the GK-'fnodule -ffJj(X^, Z/p"Z), where Xk is a proper smooth alge- 
braic variety over K which has a proper semi-stable model over Ok 
and r satisfies er < p — 1 for n = 1 and e{r + 1) < p — 1 for n > 1. 

For the proof of Theorem II. H we basically follow a beautiful argument 
of Abrashkin ([3j). We may assume p > 3 and r > 1. Consider the finite 
Galois extension 

of K whose upper ramification is bounded by u{K,r,n). Let -L„ be the 
finite Galois extension of F„ cut out by T*^^ ^{A4)\gp ■ Then we bound the 
ramification of L„ over K. For this, we show that to study this GiT^^^-module 
we can use a variant over a smaller coefficient ring S of filtered {(j)r,N)- 
modules over S. In precise, we set 

S = W[[u,E{uY/p]]. 

This ring S is small enough for the method of Abrashkin, in which he uses 
filtered modules of Fontaine-Laffaille ([13]) whose coefficient ring is W , to 
work also in the case where K is absolutely ramified. 

Acknowledgments. The author would like to pay his gratitude to Iku 
Nakamura and Takeshi Saito for their warm encouragements. He wants 
to thank Manabu Yoshida for kindly allowing him to include the proof of 
Proposition 15.61 He also wants to thank Ahmed Abbes, Xavier Caruso, 
Takeshi Tsuji, and especially Victor Abrashkin and Yuichiro Taguchi, for 
useful discussions and comments. Finally, he is very grateful to the referee 
for his or her valuable comments to improve this paper. 

2. Filtered (</)r, A^)-modules of Breuil 

In this section, we recall the theory of filtered ((/>,-, A^)-modules over S 
of Breuil, which is developed by himself and most recently by Caruso and 
Liu (see for example [6j, [8j, [17J, [9j). In what follows, we always take 
the divided power envelope of a VF-algebra with the compatibility condition 
with the natural divided power structure on pW . 

Let p be a rational prime and a be the Frobenius endomorphism of W . 
We fix once and for all a uniformizer tt oi K and a system {7r„}„gz>o of P- 
power roots of vr in ^ such that ttq = vr and vr^ = ttJ^+i for any n. Let E{u) 
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be the Eisenstein polynomial of tt over W and set S = {W[uf^)^, where 
PD means the divided power envelope and this is taken with respect to the 
ideal {E{u)), and A means the p-adic completion. The ring S is endowed 
with the cT-semilinear endomorphism (j) : u ^-^ vP and a natural filtration 
¥\}lS induced by the divided power structure such that (j){Y\\^S) C p^S for 
< t < p - 1. We set = p~VlFii*s ^^id ^ = (j)i{E{u)) € . Let N denote 
the VF-linear derivation on S defined by the formula N{u) = —u. We also 
define a filtration, 0, (pt and on 5^ = S/p^S similarly. 

Let r G {0, ... ,p — 2} be an integer. Set 'Mod^'^'^ to be the category 
consisting of the following data: 

• an S*- module M. and its S'-submodule ¥\Y M containing ¥\YS ■ M., 

• a 0-semilinear map <j)r '■ FiFTW M satisfying 

(f)r{Srm) = (f)r{Sr)(f){m) 

for any Sr € FiVS and m G M, where we set (f){m) = c''^(f)r{E{uYm), 

• a W-linear map N : M ^ A4 such that 

— N(sm) = N(s)m + sN(m) for any s G S and m € A4, 

— E{u)N{FiVM) C FirA^, 

— the following diagram is commutative: 



FiVM — ^ M 



E(u)N 



cN 



FiVM > M, 

(j>r 

and the morphisms of 'Mod^^'^^ are defined to be the S'-linear maps preserv- 
ing Fir and commuting with (f)^ and N. The category defined in the same 
way but dropping the data N is denoted by 'Mod^^. These categories have 

obvious notions of exact sequences. Let Mod^^'g^^ denote the full subcate- 
gory of 'Mod^^'^ consisting of M such that M. is free of finite rank over Si 
and generated as an Si-module by the image of 4>r. We write Mod^^'^ for 

jr,<P,N 



the smallest full subcategory which contains ModyJ^' and is stable under 

75 



extensions. We let Mod^/t'^ denote the full subcategory consisting of M 



such that 

• the 5-module M. is free of finite rank and generated by the image of 

• the quotient M/FiVM. is p-torsion free. 

We define full subcategories Mod^^^, Mod/'|^ and Mod^'^ of 'Mod/'^ in a 
similar way. For M e Mod'jf^ {resp. Mod/'|), the quotient M/p^M has 
a natural structure as an object of Mod^'ljf {resp. Mod^'f^J. 



RAMIFICATION BOUND OF TORSION SEMI-STABLE REPRESENTATIONS 5 



For p-torsion objects, we also have the following categories. Consider the 
A;-algebra k[u]/{u^^) = Si/Y\VSi and let this algebra be denoted by Si. The 
algebra is equipped with the natural filtration, and N induced by those 

of S. Namely, Fil*Si = u^^Si, ^{u) = vP and N{u) = -u. Let 'Mod^f'^ 

/ '-'1 

denote the category consisting of the following data: 

• an 5'i-module M. and its 5i-submodule FiFA^ containing u'^^'M.^ 

• a (/)-semilinear map (pr '■ FiFA^ — s- 

• a /c-linear map N : ^A ^ M such that 

— N{sm) = N{s)m + sN{m) for any s G Si and m & M., 

— u^NiFiVM) C FifA^, 

— the following diagram is commutative: 

FiVM M 



cN 



FiVM > M, 

and whose morphisms are defined as before. Its full subcategory Mod'','^'''^ 
is defined by the following condition: 

• As an Si-module, M is free of finite rank and generated by the image 

of (j)r- 

We define categories 'Mod^^ and Mod^^ similarly. Then we can show 

/Si /Si 

as in the proof of [U Proposition 2.2.2.1] that the natural functor A4 i— > 
A4/FiF5 • Ai induces equivalences of categories T : Mod;;'*'^ ^ Mod"'!'^ 

and To : Mod"'* ^ Mod^'l . 

/'-'I /bi 

For r = 0, let Mod^^y be the category consisting of the following data: 

• a finite torsion l^/'-module M, 

• a cr-semilinear automorphism (p : M ^ M. 

Let K be the kernel of the natural surjection S ^ W defined by u i-^ 0. 

/ iJo 

V5o 



Since Torf (A^, S/kS) = for any M. G Mod^^ , the proofs of [H Lemme 
2.2.7, Proposition 2.2.8] work also for the category Mod^'^ and we have a 



commutative diagram of categories 



Mod°'*'^ Mod°'* 

/Joe /Jo 



where the downward arrows and horizontal arrow are defined by Al i— > 
AI/kAI and forgetting respectively and these three arrows are equiva- 
lences of categories. 
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Let Acrys and Ast be p-adic period rings. These are constructed as follows. 
Put = Oji/pOfi. Set R to be the ring 

R = \im{dK^dK< ), 

where every arrow is the p-power map. For an element x = {xi)i^z>o ^ 
and an integer n > 0, we set 

x^""^ = lim x^^ e Oc, 

where Xi IS cL lift of Xi in Of^ and Oc is the p-adic completion of O^. Let 
Vp denote the valuation of Oc normalized as Vp{p) = 1. Then the ring R is 
a complete valuation ring whose valuation of an element x G i? is given by 
vr{x) = Vp(x^'^^). We define a natural ring homomorphism 6 by 

e : W{R) Oc 

{xo,xi,...) ^ ^p"4"^. 

n>0 

Then ^crys is the p-adic completion of the divided power envelope of W{R) 
with respect to the principal ideal Ker(^) and Agt is the p-adic completion 
of the divided power polynomial ring AcrysiX) over ^crys- We set >lcrys,oo = 
Acrys®wKo/W and ^st,cx) = Ast<^wKQ/W. Put tt = (7r„)„gz>o G R, where 
we abusively let 7r„ denote the image of 7r„ G O^ in Oj^. These rings are 
considered as ^-algebras by the ring homomorphisms S Agt and Agt 
Aciys which are defined by ti i-^ [2L]/(1 + X) and X i— > 0, respectively. The 
ring Acrys is endowed with a natural filtration induced by the divided power 
structure, a natural Frobcnius cndomorphism (f) and the (i-scmilincar map 
(pt = P VlFil*Acrys- With these structures, ^ciys and Acrys,oo arc considered 
as objects of 'Mod^'^. Moreover, the absolute Galois group Gk acts naturally 
on these two rings. As for Ast, its filtration is defined by 

V Oi— aiE Fil*-Mcrys, lim = 

i>0 

and the Frobenius structure of Acrys extends to Agt by 

ct>{x) = {i+xr-i, 

0t =P"VlFil'A,t- 

We write N also for the ^crys-linear derivation on defined by N{X) = 
1 + X. The rings ^st and v4st,oo are objects of 'Mod^'^'^. The G^^-action on 
^crys naturally extends to an action on Ast- Indeed, the action of 5 G Gk 
on is defined by the formula 

9{X) = \e{9m+X)-l, 
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where 3(7r„) = en{g)'nn and e{g) = (en(5'))nez>o ^ R with the abusive 
notation as above. 

These rings have other descriptions, as follows. For an integer n > 1, 
put Wn = W/p^W and let Wn{Oj^) be the ring of Witt vectors of length 
n associated to Oj^. We define a W^-algebra structure on Wn{Op^) by 
twisting the natural W„-algebra structure by cr"". Then the natural ring 
homomorphism 

en • WniOK) ^ Ok/p'^Ok 

n—1 

(ao,...,an-i) ^ ^p*af \ 

1=0 

where Oj is a lift of at in Oj^, is W„-linear. Let us denote W^^{Oj^) the 
divided power envelope of Wn{Oj^) with respect to the ideal Ker(^„). This 
ring is considered as an S-algcbra by u [7r„]. This ring also has a natural 
filtration defined by the divided power structure, and a natural G/^-module 
structure. The Probenius endomorphism of the ring of Witt vectors induces 
on this ring a (/)-semilincar Frobenius endomorphism, which is denoted also 
by (j). Then, by the iS-linear transition maps 

(ao,...,a„) ^ (a^, . . . ,o^_i), 

these iS-algebras form a projective system compatible with all the structures. 
Using this transition map, a (/)-semilinear map 

: Fir<°(0^) ^ 

is defined by setting (f)r{x) to be the image of p~'^(/){x), where a: is a lift of 
X in FiV'W^^,^.{Of^). By definition, the maps 0,. are also compatible with 
the transition maps. The ^-algebra W^^{Oj^) is considered as an object of 
'Mod^^. Then we have a natural isomorphism in 'Mod^J" 

^crys/p"^crys ^ ^n^i^x) 
(.To, . . . , Xn-l) I— > {xQ^ni • • • j Xn—l,n)i 

where we set Xi = {xi^k)kez>Q for xi G R. 

Similarly, the divided power polynomial ring over Wjf^(C)^) 

is considered as an S-algebra by n i-^' [7r„]/(l + X). This ring has a natural 
filtration coming from the divided power structure. We define a G^-action 
on this ring by 

g{X) = [e,,{g)]{l + X)-l. 

We also define a (/)-semilinear Frobenius endomorphism, which wc also write 
as by <t){X) = {1+X)P-1 and a VFP°(0^)-linear derivation N by N{X) = 
1 + X. These rings form a projective system of S'-algebras compatible with 
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all the structures by the transition maps defined by the maps above and 
X ^ X. We define (^-semilinear maps 

0. : Fir<D(0^)(X) - Wr{OK){X) 

compatible with the transition maps as before. The 5-algebra 
is considered as an object of 'Mod^'^'^ and there exists a natural isomor- 
phism in 'Mody^'^ 

ist/pMst-<°(0^)W 
(xQ; • • • ) ^n—l) ' ^ (^0,71) • • • ) Xn—l,n) 

X^X 

which is Gii--linear. 

Put Kn = K{-Kn) and = UnK^. For M € Mod^'^;^ , we define a 
Gft'-module T*^^(^A) to be 

T:t,AM) = Hom5,Fir,0.,iv(A^,ist,oo). 
When Ai is killed by , we have a natural identification of G^'-modules 

T:,^AM) = Hom5,FirA,Jv(A^,Ty„''°(0^)(^)). 

Note that the Gi^-module on the right-hand side is independent of the choice 
of TTk for k > n. Since the natural map 

X ^0 

is Gx„-liiiear, we also have a G/^„-linear isomorphism ([6| Lemme 2.3.1.1]) 
T:tJM)\Gj,,^ - Hom5,FirA(>I,<°(0^)). 

On the other hand, for r = 0, the proof of [8, Proposition 2.3.13] shows that 
the Gii'-module T*^^^{A4) is unramified for any A4 G Mod^^'^. 

A variant of filtered (0^, A^)-niodules over S is also introduced by Breuil 
and Kisin, and developed also by Caruso and Liu (see for example [15] . 
[16] . HZ], [9]). Put 6 = W[[u]] and let : S ^ S be the a-semilinear 
Frobenius endomorphism defined by 4>{u) = liP . Let 'Mod^g denote the 
category consisting of the following data: 

• an S-module 971, 

• a 0-semilinear map 9?t — > 971, which is denoted also by such that 
the cokernel of the map 1 (8) </; : (/)*9Jt — > 9Jt, where we set (/)*9Jt = 
e (g)^,e is killed by 

and whose morphisms are defined as before. The full subcategory of 'Mod^g 
consisting of 9Jl such that 971 is free of finite rank over &/p& [resp. over S) 
is denoted by Mod^'g^ {resp. Mod^g). We let Mod^'g denote the smallest 

full subcategory which contains Mod^'g^ and is stable under extensions, as 
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before. Then we have an exact functor Proposition 2.1.2], see also 
Proposition 1.1.11]) 

A^e.:Mod;l^Mod;l. 

For m G Mod/'l^, the filtered (pr-nwdule M = Me^{^) over S is defined 
as follows: 

• FiFX = Ker(X S^e"^^ (S/FiVS) ®s 9?^), 

• (f>r : FiVM FiVS 0e ^ "^^^ S 0<^,e Tl = M. 

We write Mq for the functor Mod^'g — > Mod^^ defined similarly. 



3. Filtered 0r-MODULES over S 

In this section, we define another variant Mod^^ of the category Mod^^ 
over a subring T, of the ring S, and prove that they are categorically equiv- 
alent. 

Let p be a rational prime and r be an integer such that < r < p — 1. 
Consider the VF-algebra S = y]]/(S(n)^ — pY) as in [6l Subsection 

3.2]. We regard E as a subring of S by the map sending Y to E{uY /p. 
Then the element c = <j)i{E{u)) E is contained in S^. We define on S a 
(T-semilinear Frobenius endomorphism cj) by (j){u) = and (j){Y) = pP~^c^. 
Put Fil*S = {E{uy, y) for < t < p - 1 and FiFS = {¥). Then we have 
(/'(Fil*S) C p*S for < t < p - 1. We put (pt = p-VlFii*E- We also set 
T,n = Ti/p^Ti and put on this ring the natural structures induced by those 
of S. 

We define a category 'Mody^ of filtered (/>r-modules over S to be the 
category consisting of the following data: 

• a S-module M and its S-submodule FiFM containing FiFE • M, 

• a 0-semilinear map (j)r ■ FiFM — > M satisfying (prisrTn) = (l)r{sr)(l){'m) 
for any s,. G FiF E and m € M, where we set (j){m) = c~^(j)r{E{uYm), 

and whose morphisms are defined in the same manner as 'Mod^^. This cat- 
egory has a natural notion of exact sequences. We define its full subcategory 
Mody^^ to be the category consisting of M which is free of finite rank and 

generated by the image of chr as a Ei-module. We also let Mod^-^ denote 

the smallest full subcategory of 'Mod^^ which contains Mod^'^^ and is stable 

under extensions. Moreover, we define a full subcategory Mod^'^ of 'Mod^^ 
to be the category consisting of M such that 

• the E-module M is free of finite rank and generated by the image of 

<Pr, 

• the quotient M/FiVM is p-torsion free. 
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Then we see that for M € Mod^^) the quotient M /p^M is naturally con- 
sidered as an object of Mod^^ . 

The natural ring isomorphism Si/FiPSi = defines a functor Tq^s : 
^od/Si ^ by M M/FiFSi • M. Then just as in the case of the 

functor To : Mod^^^ Mod^'J' ([H Proposition 2.2.2.1]), we can show the 
following lemma. 

Lemma 3.1. The functor Tq^s : Mod^'^^ — > Mod^'J* is an equivalence of 
categories. 

On the other hand, [6l Proposition 2.2.1.3] and Nakayama's lemma show 
the following. 

Lemma 3.2. Let M he an object o/Mod^^^ of rank d over Si. Then there 
exists a basis {ei, . . . ,ed} of M such that FiFM = Siu''"iei©- • •©Siu'^'^ed-I- 
FiFSi • M for some integers ri, . . . , r^^ with < < er for any i. 

Then we can show the following lemma just as in the proof of [6l Lemme 
2.3.1.3]. 

Lemma 3.3. The functor 

M ^ Homs_Fir,</.,(M, ^crys,oo) 

from Mod^'^ to the category of Gkoo -modules is exact. 

For M € Mod^'^^ , we can show as in the case of the category Mod^^^ that 
there is an isomorphism of Gj^^ -modules 

Homs,Fir,0.(M,(O^)PD)^Hom^^p,.^^^(ro,E(M),O^), 

where Oj^ is considered as an object of 'Mod^'^ by the natural isomorphism 

/ •-'1 

(0^)™/Fil^'(0^)PD - Ok- 
Thus [6l, Lemme 2.3.1.2] implies the following. 

Lemma 3.4. For M € Mod7^ , we have 

/^i 

#Homs,FirA(M,(0;^)PD)=/, 

where d = dimsj M . 

For the category Mod^^" , we have the following lemma. 

Lemma 3.5. Let M be in Mod?^ • Then there exists ai, . . . , € FiFM 
such that FiFM = Sai -!-••• + Sa^ + FiFS • M and the elements ei = 
(j)r{ai), . . . ,ed = (j)r{oid) form a system of generators of M . 



RAMIFICATION BOUND OF TORSION SEMI-STABLE REPRESENTATIONS 11 



Proof. By induction and Lemma 13.21 we may assume that there exists an 
exact sequence of the category Mod^^" 

0-^ M' M M" ^0 

such that the lemma holds for M' and M" . Let a'l, . . . , a'l, {resp. a", . . . , a",,) 
be elements of FiVM' (resp. FiVM") as in the lemma. Let «/ G FiVM be 
a lift of a'l' . Then the elements a'l, . . . ,a'i,,ai, . . . , ai" satisfy the condition 
in the lemma for M. □ 

Corollary 3.6. Let M be an object o/Mod^'^ and C € MdC^) be a matrix 
satisfying 

(ai, ...,ad) = (ei, . . .,ed)C 

with the notation of the previous lemma. Let A be an object of 'Mod^'^. 
Then a T,-linear homomorphism f : M ^ A preserving FiV also commutes 
with (pr if and only if 

</.,(/(ei,...,e,)C7) = (/(ei),...,/(e,)). 

Proof. Suppose that the latter condition holds. Then we have (prifioti)) = 
f{(t)r{ai)) for any i. We only have to check the equality 4>r ° f = f o (pr on 
FiFS • M. Suppose that this equality holds on the submodule p'+^FiPS • M. 
For m € M, we can take m' G FiFS • M such that E{uYm = SjOj + m' . 
Let s be in FiFS. Then we have 

f{Mp'sm))=p'Ms)c-'^Hsi)f{Mc^i))+p'Ms)c-'f{Mrn')). 

i 

Since ^^(FiFS) C pT,, this equals to (prif {p^ sm)) by assumption. Thus the 
lemma follows by induction. □ 

Corollary 3.7. Let M and A be as above and J C FiF^ be a T,-submodule 
of A such that (j)r{J) Q J- We can consider the Ti-module A/ J naturally as 
an object o/'Mod^'^. Suppose that for any x G J, there exists t G Z>o such 
that (pr^x) = 0. Then the natural homomorphism of abelian groups 

Hom2,Fir,0,(M,^) ^ Homs,Fir,0.(M,.4/J) 

is an isomorphism. 

Proof. The proof is similar to [S] Subsection 2.2]. We consider the S- 
submodule J as an object of the category 'Mod^^ by putting FiFJ = J. 

By devissage, it is enough to show that, for any M G Mod^'^^, we have 
Ext,j^^^r,0 (Af , J) = and the map in the corollary is an isomorphism. For 

the first assertion, let 



^ J ^£ ^0 
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be an extension in the category 'Mod^^ • Let Cj, and C be as in Corollary 
13.61 such that ei, . . . , form a basis of M. Let G be a lift of G M. 
Then we have (ei, . . . , ed)C £ (Fiff )®°' and 

(priiei, . . . , ed)C) = {ei + 5i, . . . ,ed + 5d) 

for some 5i, . . . G J. On the other hand, there exists a unique d-tuple 
(xi, . . . , Xd) G J®'^ satisfying the equation 

0r((ei + xi,. . . ,ed + Xd)C) = (ei + xi, . . . , erf + Xd). 

Indeed, the d-tuple 

t 

• • • > 0;(^d))</'(c) • • • <t>'-Hc)<P\c) 

is stable for sufficiently large t by assumption and this limit gives a unique 
solution of the equation. Then we have 

(p(ei + xi), . . . ,p{ed + Xd)) = 4>r{p{ei + xi), . . . ,p{ed + Xd))()){C). 

Since the d-tuple on the left-hand side is contained in J®*^, we see that this 
(i-tuple is zero and i— > + Xj defines a section M ^ £. We can prove the 
second assertion similarly. □ 

Next we show that the two categories Mod^v cind Mod7^ are in fact 

equivalent. For M G Mod^^ , we associate to it an 5-module A4 by setting 
M = S ^j]M. We also define its 5-submodule FiVM by 

FiX'M = Kev{M = 5 ®s M ^ S/FiVS ®s M/FiVM ~ M/FiVM), 

where the last isomorphism is induced by the natural isomorphisms of W- 
algebras 

T^H/(^(u)") ^ S/FifS ^ S/FiVS. 

These associations induce two functors from Mod^^ to the category of S- 
modules, M M and M FiVM. Since the rings S and W[u]/{E{u)'^') 
are p-torsion free, we have Torf (Si,^) = Torf (Si, S/FiFS) = and thus 
Torf(M,5) = Torf (M,E/FirS) = for any M G Mod/'|'^. Hence we see 
that these two functors are exact. 

We define (pr : FiVM ^ M as follows. Note that Fif^ 0s M C X 
and FiVM is equal to FiVS ®e M + Im(5 ®e FiVM M). Set 0^ : 
Fir5 ®s M ^ 7W to be 0; = (/>^ (p. 

Lemma 3.8. The map (j) ® (pr '■ S FiFM M induces a (p-semilinear 
map cP'; : lm{S ®s FiVM ^ M) ^ M. 

Proof. Let z = Si^rm be in S®j]FiVM with Sj G 5 and rm G FifM. Let 
z be its image in M and suppose that z = 0. Write Sj = s • + s'l with G S 
and s'l G Fil^^. Since we have an isomorphism Al/FiF 5- ~ M/FirS-M, 
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we can find elements ■s^-'^ G FiFS and m^^^ € M such that the equality 
s'^rrii = s^^^m^^^ holds in M. Then we have 

= z = ^ 1 (g) s-mj + ^ (g mj = ^ s^^^ (g m^^^ + ^ s (g nii 

i i j i 

in ^A. On the other hand, the element {(j) ig (j)r){z) € is equal to 

j i 

Since (p = p^(j)r, this equals 4>r{Yj ■^''"'^ ^^''^ + X^i 4 ® "^i) = 0- '-' 
Lemma 3.9. The maps (p'^ and (j)" patch together and define a (j)-semilinear 
map (pr ■ Fir A1 —>■ M . 

Proof. Since 4>'^ and (p'^ coincide on Im(FirS (g^ FiFM —i- Ai), it is enough 
to show that 1 <g (pr{m) = (/'^(Z^i ® i^i) for any m £ FiFM, Si € FiF5 and 
rui & M satisfying 1 (gi m = Sj g) mj in 7W. As in the proof of Lemma 
the element m can be written as m = ^ • s^^'^m^^'^ for some s^-'^ € FiFS 



and m^-'^ G M. By assumption, we have Yli Si ® rui = Yj ^^''^ "25 m^^'^ in 
FiFS" g)i; M. Hence the lemma follows. □ 

Then we see that this construction defines a functor ^Ay:^ : Mod?^ — > 
Mod^^ . 

Lemma 3.10. The functor induces an equivalence of categories Mod^^^ 

Mod^^ . 

Proof. Consider the diagram of functors 



To 




Mod^l . 

From the definition, we see that this diagram is commutative. By Lemma 
13. H the downward arrows are equivalences of categories. Thus the lemma 
follows. □ 

Then a devissage argument as in [151 Proposition 1.1.11] shows the fol- 
lowing corollary. 

Corollary 3.11. The functor Mt.^ : Mod^'^^ fully faithful. 

To show the essential surjectivity of the functor TWeooj define another 
functor Mfi : Mod7^ — > Mod^'t which is defined in a similar way to the 

functor Mq^ : Mod^f Mod^f . For an S-module dJl in Mod^f , we 

associate to it a S-module M E 'Mod^^ as follows: 



14 



SHIN HATTORI 



M 



FifM = Ker(M 



S ®s ^ (S/FifS) (g)e 9Jt), 



We can check that this defines an exact functor Mod7^ 

/So 



Mod7* 



as 



in the proof of [151 Proposition 1.1.11]. We let this functor be denoted by 



Lemma 3.12. The diagram of functors 



Mod7| ^Mod''-'^ 




Mod' 



Ms, 
r,(f> 

/Soo 



is commutative. 

Proof For dJl G Mod/'|^, put M = Me^{m) and M = Me^i^)- Then 
M = S(^j:M as an 5-module. Let FifTW and (f)r : FiVM M denote the 
filtration and Frobenius structure defined by the functor M . We also let 
YiYM and (j)r : FifA^ M denote those defined by My.^. 

The 5- module FiFAl contains FiFA^. Conversely, let z be an element of 
FifM. Note that FiF5 • M C FifM. Thus, to show z G FifA^, we may 
assume that z E Im(M M). Then the commutative diagram whose right 
vertical arrow is an isomorphism 



M 



97t 



M = S ^ 



Si 



J6 



J6 



m 



s/Firs®s9?i 



S/FiVS^eTl 



implies that z G Im(FirM ^ FiFA^) C FiVM and hence FiVM = FiVM. 
From the definition, we also can show (pr = 4>r- This implies the lemma. □ 



Proposition 3.13. The functor My:, 
lence of categories. 



: Mod 



r,0 

/So, 



Mod 



/5o. 



IS an eqmva- 



Proof. Since the functor Me,^ is an equivalence of categories for p > 3 ([9l 
Theorem 2.3.1]), Corollarv 13.111 and Lemma 13.121 implv the proposition in 
this case. For r = 0, put = k n S, where k = Ker(S' W). Then, by 
using a natural isomorphism S ~ VF[[u, u^^/p]], we can show that the functor 
M I— > M/kj^M defines an equivalence of categories Mod/^^ ^Mod' 



as 
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in the case of the category Mod^/t ■ Since the diagram 

Mod%* ^Mod°,* 



is commutative and the downward arrows are equivalences of categories, the 
proposition fohows also for p = 2. □ 

Remark 3.14. We can also define a fully faithful functor Ai^ : Mod^^ — > 

Mody^ in a similar way to A^Soo and prove that this is an equivalence of 
categories. Indeed, the claim for p > 3 follows from [9l Theorem 2.2.1]. Let 
M be in Mod^^ and ei, . . . , be a basis of A4 over S. Let C € GL^{S) be 
the matrix such that 

(j){ei, . . . ,ed) = (ei,...,erf)C. 
Then the elements </>(ei), . . . , (/'(e^) also form a basis of A4 and 

ei ),..., (/.(erf) ) = (0(ei ),..., (/.(e,))</.(C7). 
Since (j){S) C S, the S-module M defined by M = T,<j){ei) • • • T,4i{ed) is 



stable under (f). Hence we see that M e Mod°^ and M = Ms{M) 



Proposition 3.15. Let M be an object o/Mod^^ and set M = A4soo(M). 
Then there exists a natural isomorphism of Gk^ -modules 

Homs,Fir,</-,.(A^, Acrys.oo) Hom5^Fir,0,.(-A^,^crys,oo)- 

Moreover, this induces for any n an isomorphism of Gk^ -modules 

Homs,Fir,</,.(M,H^™(0^)) ^ Hom5,Fir,</,.(A^, 
Proof. By definition, M = S ^ and we have a natural isomorphism 

Homs(M, Acrys.oo) Hom5(A^, Acrys.oo)- 

From the definition, we can check that this isomorphism induces the map in 
the proposition, which is injective. To prove the bijectivity, by devissage we 
may assume that pM = 0. Then both sides of this injection have the same 
cardinality by Lemma [37S1 and the first assertion follows. Since the sequence 

W^^^(O^) ^ ^crySjOO ^crys,oo 

of the category 'Mod^'^ is exact, the first assertion implies the second one. 

□ 
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4. A METHOD OF AbRASHKIN 

In this section, we study the Gi^^^-module Hom-^ p^ir ,p^,{M,W^^ (Of^)) 
following Abrashkin ([3j). 

Let p and 0<r<p — Ibeas before. We fix a system of p-power roots of 
unity {Cp"}riez>o in ^ such that Cp 7^ 1 ™d Cp"^ = Cpu+i for any n, and set 
an element e; of i? to be (Cp")raez>o- Then the elements [e] — 1 and [e^^^] — 1 
are topologically nilpotent in W{R). The element of W{R) 

t = {[e] - l)/i[e}/P] - 1) = 1 + [e}/P] + [e'^Pf + ■■■ + [e}/T~^ 

is a generator of the principal ideal Kei{9). We define an element a € W{R) 
to be 

« _ / n=iP-'ii-^y-'-'p-iCk - i)[e}/n' {p > 3) 

I -1 (P = 2), 

where p-iCk = {p — l)!/(A;!(p — 1 — k)\) is the binomial coefficient. Note 
that the coefficient of [e^/^]'^ in each term is an integer. The element a is 
invertible in the ring W{R), since 6{a) = (Cp — lY'"^ /p € and the ideal 
Ker(0) is topologically nilpotent in W{R). 

The element Z = ([e] — of Acrjs is topologically nilpotent and we 

have (j){t) = p{Z — (t){a)). Consider the formal power series ring 
with the (t, u')-adic topology and the continuous ring homomorphism — > 
Acrys which sends u' to Z. Let A denote the image of this homomorphism. 
Then we see that the ring A is (t, Z)-adically complete. Since we have 
Z = at^~^ + /p, the element /p of ^crys is contained in the subring A 
and topologically nilpotent in this subring. Hence we can consider the ring A 
as a S-algebra hyu^ [vr]. Put FiPi = {t\Z) ioi Q <i <p-l. The Frobe- 
nius endomorphism (p of Acrys preserves A and satisfies (piYW^ A) C p^A for 
{) < i < p — 1. Set (t)r = P'"^ 4^\-piY' A- Then we can consider the ring A also as 
an object of the category 'Mod^^. Put An = A/p^A and ^oo = A®wKo/W. 
We include here a proof of the following lemma stated in [3l Subsection 3.2]. 

Lemma 4.1. The natural inclusion W{R) — > A induces isomorphisms of 
W{R)-algehras W{R)/{{[e\ - If^^) ^ i/(Z) and W„(i?)/(([e] - 1)p~^) 

An/{Z). 

Proof. For a subring B of ^crys, put 

/W^ = {x € -B I G FilMcrys for any i) 

as in da Subsection 5.3]. Then we have I^'W{R) = {[e\- iyW{R) and the 
natural ring homomorphism 

W{R)/I^'^W{R) ^ ^erys//W^,ys 
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is an injection ( [121 Proposition 5.1.3, Proposition 5.3.5]). Since the element 
Z is contained in the ideal I'^^^^ylcrys) this injection factors as 

W{R)ll^^-'-'^W{R) ^ i/(Z) ^ A„y./l[^-^U„ys. 

Hence the former arrow is an isomorphism and the lemma follows. □ 

Therefore A/FiFA is p-torsion free and ^"'Fir^ = FiFA fl jf' A. Thus 
we can also consider and 

as objects of the category 'Mod^'^. The 
absolute Galois group Gkoo acts naturally on these S-modules. 

Lemma 4.2. We have a natural decomposition as an R-module 

Ai = R/{t^)®{Z). 

Proof. Consider the natural inclusion W{R) A. We claim that this in- 
duces an injection R/{t^) Ai. Let x be in the ring R. If the element 
[x] € W{R) is contained in pA, then its 
have an isomorphism of ii-algebras 



R[Yi,Y2, . . .]/(^^ Yf, Yi, . . .) ^ ^crys/M 



crys 



which sends Yi to the image of t'^' /p^\. Thus the element x is contained in 
the ideal (t^). Conversely, if vii{x) > p, then we have 



w 



{[e] - If-' + pw' 



for some w, w' € W{R) and this implies [x] € pA. Now we have the com- 
mutative diagram of i?-algebras 



R/itP) 




and the map / : R/{t'P) Ai/{Z) is an isomorphism by Lemma [4. 1[ Hence 
the lemma follows. □ 

Since r < p — 1, from this lemma we can show the following lemma as in 
the proof of [6l Lemme 2.3.1.3]. 

Lemma 4.3. The functor 

M^Homs,FirA(M, ioo) 
from Mod^^ to the category of Gkoc, -modules is exact. 
Corollary 4.4. For any M G Mod^^" , the natural map 

Homs,Fir,</.,(Af, ioo) ^ Homs,Fir,9i,(M, ylcrys,oo) 
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is an isomorphism of Gkoc -modules. Moreover, for any n, we have an iso- 
morphism of Gkoc, -modules 

Proof. Let us prove the first assertion. By Lemma 13.31 and Lemma 14.31 we 
may assume pM = 0. Consider the commutative diagram of rings 

^crys/ P^crys 



whose downward arrows are defined by modulo FiF~^ of the rings Ai and 
^crys/p^crys) respectively. Since r < p — 1, we have (j)r{F'\V'~^ Ai) = and 
similarly for the ring Acrys/p^crys- Thus these two surjections induce on 
the ring the same structure of a filtered i?i>r-niodule over S. By 

Corollary [321 we have a commutative diagram 

HomE^Fil'-,</,,(Af, Ai) ^ Hom2,Fir,<^,,(M, ^crys/P^crys) 



Hom2,Fir,</,.(M,i?/(t?'-i)) 

whose downward arrows are isomorphisms. This concludes the proof of the 
first assertion. Since we have an exact sequence 

*" Aji *" ^oo *" ^oo *" 

in the category 'Mod^'^, the second assertion follows. □ 

Since the ideal (Z) of An satisfies the condition of Corollary 13.71 the S- 
algebra A„/(Z) is naturally considered as an object of 'Mod^'^. We also give 

the ring Wn{R) / (([i] — l)^""*^) the structures of a S-algebra and a filtered 4)r- 
module over S induced from those of An/ (Z) by the isomorphism in Lemma 
14. 1[ The map 

s ^ Wn{R)/m - ly-') 

sends the element u € T, to the image of [vr] in the ring on the right-hand 
side. Put V = t/E{[TT]) G W{R)^. As for the element Y eT,, the equality 

Y = -av-^E{[TT])P~^ +v'PZ 

holds in A. Hence the above homomorphism sends the element Y to the 
image of —av~^E{[7r\y~^. 

Consider the surjective ring homomorphism 

X = (xo,Xi, ...) ^ Xn 
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and the induced surjection /3„ : Wn{R) — > Wn{0^). Let 

J = {(xo, . . . , Xn~i) G Wn{R) I VR{xi) > for any i) 
be the kernel of the latter surjection. 

Lemma 4.5. The ideal J is contained in the ideal (([e] — of the ring 

Proof. Write the element ([e] — 1)*'^-'^ also as a:; = (xq, • • • ,x„_i) G Wn{R) 
with vr(xq) = p. Take an element z = {zq, . . . , Zn-i) of the ideal J. We con- 
struct y G W„(-R) such that xy = z. By induction, it is enough to show that 
if zq = ■ ■ ■ = = for some < f < n — 1 and (xq, . . . , Xj)(0, . . . , 0, y^) = 
(0, . . . , 0, Zi) in Wi-^i{R), then x(0, . . . , 0, j/j, 0, . . . , 0) G J. Let us write this 
element as [0, . . . ,0,Wi, . . . , Wn-i) with Wi = Zi. We have VR^yi) > — 
In the ring of Witt vectors W„(Fp[Xo, . . . , Yq, . . . , y„_i]), the A;-th en- 

try of the vector 

(Xo,...,x„_i)(o,...,o,yi,o,...,o) 

is X^_^^ for any k>i. Thus we have VR(wk) > p". □ 

Note that the elements [Cpi] — 1 and [Cp^+i] — 1 are nilpotent in Wn{Oj^). 
By the above lemma, we have an isomorphism of rings 

Wn{R)/m - ir^) - Wn{dK)/{iM - ir^). 

We let Aji^p-i denote the ring on the right-hand side and give the ring A^^p-i 
the structure of a filtered (?!)r-module over E induced by this isomorphism. 
For an algebraic extension F of K, we put 

bp = {x e Of \ vk{x) > er/{p — 1)}. 

Note that the ring Op /bp is killed by p. We consider the ring of Witt 
vectors WniOp /bp) as a Wri(C'F)-algcbra by the natural ring surjection 
Wn{Op) Wn{Op/bp) and as a W„-algebra by twisting the natural action 
by (T^", as before. For a ring B and its ideal /, we define an ideal Wn{I) of 
the ring Wn{B) to be 

Wn{I) = {{xq, . . . ,Xn-i) G Wn{B) | Xj G / for any i}. 

Put Fn = Kn{Cp"+i)- For an algebraic extension F of F„ in K, the 
elements [(j,™] — 1 and [Cpn+i] — 1 of Wn{mp) are topologically nilpotent 
non-zero divisors in Wn{Op). Let the ring 

W^n(OF/bF)/([Cp"] - irWn{mp/bp) 

be denoted by An^p^r+- We also put An,r+ = ^n,k,r+- 

Lemma 4.6. The ideal ([Cp"] — l)'W„(mi?) ofWn{Op) contains the ideal 
Wnibp)foranyr G {Q,...,p-2}. We also have {{[Cpr^]-l)P-'^) D WnipOp). 
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Proof. The proof is similar to the proof of Lemma 14.51 Let us show the 
first assertion. Since this is trivial for r = 0, we may assume r > 1. Put 
X = {xo,. ■ ■ ,Xn~i) = ([Cp"] - 1)"' G WniOp)- Then we have Vp{xo) = 
r/{p'^~^{p — 1)). By induction, it is enough to show that for < i < n — 1, if 
(xo, . . .,Xi){0, ...,0,yi)€ Wi+i^bp), thenyj € mp andx(0, . . . , 0, yj, 0, . . . , 0) G 
Wn{bp). By assumption, we have 

VniVi) > ^-t(1 ^) > 0. 

y^"'-' p _ 2 pu—i—l ' — 

Put (0, . . . , 0, Wj, . . . , Wn-\) = x{0, . . . , 0, yi, 0, . . . , 0). We show wi G bp for 
any / by induction. Indeed, let us suppose that wi & bp for any i < I < k — 1 
with some i + l<k<n — 1. We have the equality 

p'yf~\xf +pxf~' + ■■■ +p^xk) = (p^tuf +p*+^u;f+i'"' + ■ ■ ■ +p^Wk). 
Since r > 1, we have {p^~^ — \)r/{p — 1) > k — I for < / < A; — 1. This 

k — I 

implies Vp{p^w^ ) > k + r/{p — \) for Q < I < k — 1. The valuation of the 
left-hand side of the above equality also satisfies this inequality. Thus we 
have Vp{wk) > r/{p — 1) and the assertion follows. We can show the second 
assertion similarly. □ 

By this lemma, the natural surjections of rings 
Wn{Op)/{[Cpn] - lywnimp) 

^ Wn{Op/pOp)/{[Qpr.] - iyWn{mp/pOp) ^ An,p,r+ 

are isomorphisms. Then we see that the natural injection F ^ K induces 
an injection of rings An^p^r+ ^n,r+- 

Write Zn for the image of the element Z of ^crys in W^^{Oj^). Then we 
have a commutative diagram of S-algebras 

Aqj-js/p Acyjs 
I 

Wn{R)/m-iy-')-^Aj{z) 

^n,p— 1 
; ; 

An.r+ 

where all the vertical arrows are surjections satisfying the condition of Corol- 
lary 13. 7[ Hence this is also a commutative diagram in 'Mody'^- Note 
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that these rings and homomorphisms are independent of the choice of a 
system {Cp"}nez>o- We also note that FiV An,r+ = E{[TTn]y An,r+ and 
(l)r{E{[TTn]Yy) = (piu) fo^ ^ny y € An^r+, where cp denotes the Frobenius 
endomorphism of ^n,r+ induced from that of the ring TV„(0^/bjf ). More- 
over, let M be an object of Mod^^" • Then, by Corollary 13.71 and Corollary 
14.41 we have a natural isomorphism of abelian groups 

Homs,Fir,</,.(M,M^™(0^)) ^ Homs,Fir,</,,(M, 

Next we investigate the module on the right-hand side of this isomor- 
phism, and prove this is in fact an isomorphism of G^^^^-modules. Consider 
the element -E([7r„]) G WniOpr^/pOpJ and let us fix its lift 7 € WniOpJ 
by the natural surjection WniOp^) —>■ Wn{OF„/pOF^). Let a G W{R)^ and 
V = t/E{[K]) G W{R)^ as before. We let a„, i„ and Vn denote the images of 
o, t and V by the surjection W{R) —>■ WniOj^) induced by respectively. 
The elements a„ and t„ of the ring Wn{Oj^) are contained in the subring 
Wn{0 / pO Fn) ■ We abusively let them also denote their images by the 
natural surjections Wn{Of^) WniOj^/hj^) Ar, 



Lemma 4.7. The element 



tn = l + [Cpn + l] + [Cpn + lY + • • • + [C 



2 J L FA „ , ,1P-1 



,n + l 



[Cpn+l] - 1 



is divisible by 7 in the ring Wn{OF,J- In particular, j is a non-zero divisor 
of the ring Wn{OK). 

Proof. It is enough to show the divisibility in the ring Wn{Op^). Note that 
the element t„, is also the image of t„ by the natural map Wn{PF„) — > 
Wn{0 F„ / pO Fn) ■ Let Vn be a lift of f„ by the natural surjection Wn{Oj^) — > 
Wn{Oj^). Then we have tn — ^Vn G Wn{pOj^). By Lemma [46| there exists 
y G Wn{mf^) such that tn — ^Vn = tnij- Hence we have — y) = ^Vn- 
Since y is topologically nilpotent in the ring Wn{Oj^), the element 1 — y is 
invertible and the lemma follows. □ 

Lemma 4.8. The image of Y ^ in the ring An^r+ {resp. is 
contained in its subring An,Fn,r+ [resp. Wn{0 f^ / pO f„) / {{\C,p-^] — 1)''^"^)). 

Proof. We have the equality 

E{[^n])Vn = tn = l + [Cp^+i] + [Cp"+i]^ + ' ' ' + [Cp"+if 

in the ring Wn{Oj^). Note that any element v'n G Wn{Oj^) satisfying the 
same equality is invertible and thus the elements {v'^)~^E{[Kn]) are equal to 
each other. Since Y = —anV~^ E{[Kn]y~^ in the rings An^r+ and An^p-i, it 
suffices to construct an element v'^ of the ring Wn{OF„/pOF„) such that the 
equality i?([7r„])f^ = t„ holds. This follows from Lemma 14.71 □ 

From this lemma, we see that the natural Gi?„-actions on the rings An^p-i 
and An^r+ are compatible with the filtered ^^-module structures over S. In 
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the big commutative diagram above, the lowest horizontal arrow and lower 
right vertical arrow are Gi<--linear by definition. Hence we have shown the 
following proposition. 

Proposition 4.9. Let M he an object of Mod^^ . Then the map 

Homs,Fir,<^,(M, ^ Homs,Fir,^,(M, 

is an isomorphism of GF^-'^odules. 

Let M be as in the proposition. Let ei, . . . , be a system of generators of 
M as in Lemma [3.5l and C = (cij) G M^(S) be a matrix representing <j)r as in 
Corollarv l3.6[ Consider the surjection S®'^ M defined by (si, . . . , sa) i— > 

siei H + saed and let . . . , si^d), (sg.i, • • • , be a system of 

generators of its kernel. Then the underlying Gir„-set of the Gi?^-module 

Homs,Fir,<Ar(^' ^n,r+) 

is identified with the set of d-tuples {xi, . . . ,Xd) in An^r+ such that the 
following three conditions hold: 

• Si, 1^1 H \- s^dXd = for any /, 

• ci,jXi H h Cd,iXd G V\VAn,r+ for any i, 

• the following equality holds: 

{(Ar(ci,lXl H h Cd^lXd) = Xl 
4>r{ci4Xl H h Cd^Xd) = Xd- 

We choose lifts c, Cjj and Sjj in WniOpn) of the images of c, Cjj and Sjj 
in An^r+ by the natural ring homomorphism 

respectively. Recall that we have already chosen a lift 7 G W„(Oir„) of 

Fix a polynomial <I>j G Z[Xo, . . . , X„,_i] such that <I>j = Xf mod p. This 
induces for any commutative ring B a map $ = {^q, . . . , : l^n(-B) — > 

W„(-B) which is a lift of the Probenius endomorphism on Wn{B/pB). In 
particular, set B to be the polynomial ring Z[Xo, . . . , Yq, . . . , 

Put X = (Xo, Xn-i) and Y = (Yq, . . . , y„_i) in the ring Wn{B). Then 
we see that there exists elements Uq, . . . , Un-i and Uq, . . . , f/^_i of the poly- 
nomial ring B such that 

+ y) = <5(x) + $(y) + (p[/o, . . . ,pUn-i), 

^XY) = <!>{X)<!>{Y) + (pC/^, . . . 
in the ring W„,(i?). 

Proposition 4.10. Every d-tuple {xi, . . . , Xd) 

in ^j2,r+ satisfying the above 
three conditions uniquely lifts to a d-tuple (xi, . . . ,5;^) in Wn{Oj^) such that 

• si,ixi H h G ([Cp"] - ) /or any I, 
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• ci,iXi H h Cd,iXd e YWn{Of^) for any i, 

• the following equality holds: 

c'"$((ci,ixi H h Cd,iXd)/Y) = ^1 

ff'^{{ci^dXi H h Cd,dXd)/Y) = Xd- 

Proof. Fix a lift Xj of Xj in Wn{Op^). Recall that the kernel of the surjection 
WniPp^) — > An,r+ is equal to the ideal ([Cp"] — l)^VF„(m/f ). The first condi- 
tion in the proposition holds automatically for (xi, . . . , x^)- By Lemma [4. 7^ 
the element ci.jXi + • • • + Cd^iXd is contained in Y WniP p^) for any i. Since 
the map (t)r '■ FiV'An^r+ ^n,r+ satisfies 4)r{E{[TTn]Yx) = d'(j){x) for any 
X € ^n,r+) we have 

' c'-$((ci,ixi + • • • + Cd,iXd)/Y) = XI + ([Cpn] - l)'-<5i 

. c''$((ci,rfXi H h Cd4Xd)/Y) =Xd + ([Cp"] - l)''<^d 

for some 5i, . . . , 5^ £ Wn{rn^). It suffices to show that there exists a unique 
(i-tuple (yi, . . . , yd) in Wn{mj^) such that 

c^'<I>((ci,,(xi + ([Cpn] - + • . . + c,,i(x, + ([Cpn] - 

= + ([Cp"] - 

for any i. For this, we need the following lemma. 

Lemma 4.11. Let N be a complete discrete valuation field and rriN he the 
maximal ideal of N . Let ei, . . . , he in rriM- Let Pi, . . . ,Pd and P[. . . ,P'^ he 
elements of On[\Yi, . . . ,1^]] such that Pi E (Yi, . . . ,1^)^. Then the equation 

' Yi - Pi{Yu . . . , Id) - eiP[{Yu ...,Yd) = Q 

_ Yd - Pd{Yi, ...,Yd)- edP'diYi, ...,Yd) = Q 
has a unique solution in rriN- 

Proof. By assumption, we see that for any integer Z > 1, a d-tuple (yi, . . . , yd) 
in rriN/ml'j^ satisfying the above equation lifts uniquely to a d-tuple in 
TUN /nn}^^ satisfying the same equation. Thus the lemma follows. □ 

Let us write as iji = {y-ifi, . . . , yi,n-i). Since the image of $(([Cpn+i] — 1)'') 
in An^r+ is equal to ([Cp"] — l)**, we can find b G Wn{Of^) such that 



mcp-] - i)Vf' ) = (M - lyb. 
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Then there exists polynomials Ui^m over Oj^ of the indeterminates Y_ = 
(Xi,m)i<i<dfl<m<n-i such that the equation we have to solve is 

Xi + {[CpA - '^YVi = Xi + {[Cp"] - lySi 

+ ([Cpn] - iYbc'mci,,Mm) + ■■■ + ^{cd,^Mm 

+ {pUi,o{y), ■ ■ ■ ,pUi^n~i{y)) 

for any i, where we put y = {yi,m)i<i<d,o<m<n-i- As in the proof of Lemma 
14.61 "v^e see that, for any elements Pq, . . . , Pn-i of the polynomial ring O/f [y], 
we can uniquely find elements Qq, . . . , Qn~i of this ring such that the coef- 
ficients of these polynomials are in the maximal ideal rrij^ and the equality 

{pPo, . . . ,pPn-l) = ([Cp"] - inQo, . . • ,Qn-l) 

holds in the ring of Witt vectors W„(C';f [y]). Therefore, this equation is 
equivalent to the equation 

yi = 5i + 6c''($(ci,i)$(yi) + • • • + <!>{cd,i)Hyd)) 

+ {Vi,oiy),...,Vi,n-im, 

where Vi^m is a polynomial of Y_ over Oj^ whose coefficients are in the max- 
imal ideal ruj^. From the definition of we see that y = {yi^m)i,m is a 
solution of a system of equations 

satisfying the condition of Lemma l4.11l for a sufficiently large finite extension 
N of K. Then, by this lemma, we can solve the equation uniquely in mp^. □ 

Let F be an algebraic extension of Fn in K and consider the ring A-Yi p T-\-' 
By Lemma 14.81 we can consider this ring as a S-subalgebra of An^r+- Put 
YW^ An^F,r+ = E[['Kn]Y A.n^F,r+- Then Lemma 14.71 implies that 

Moreover, the Frobenius endomorphism (j) of the ring An^r+ preserves the 
subalgebra An^F,r+ and thus (pr ■ FiVAn^r+ An^r+ induces a (/)-semilinear 
map 4>r '■ FiV An^F,r+ An^F,r+- Hence An^F,r+ is a subobject of An^r+ in 
the category 'Mod^'^. For M G Mod^'*^, let us set 

We see that 

An,r+ = ^n,K,r+ = U ^".^>^+ 

F/Fr, 

in 'Mod^^ ^-nd thus we have a natural identification of abelian groups 

Ky.,.^,KiM) = U ^c*ys,.„,F(M). 

F/F-a 

The absolute Galois group Gf^ acts on the abelian group on the left-hand 
side. 
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Lemma 4.12. Let F be an algebraic extension of Fn in K. Then the Gp- 
fixed part r;^^^^^ ,^(M)«^ ^s equal to T^^^^^^^^^piM). 

Proof. From Proposition 14.101 we see that the elements of T*^_^^^ R^-^) 
correspond bijectively to the d-tuples in WniPp^) satisfying the three condi- 
tions in this proposition. The uniqueness assertion of the proposition shows 
that g € Gp fixes such a d-tuple in Wn{Oj^) if and only if g fixes its image 
in An^r+- Hence an element of T,* ^ ^ (-^) fixed hy Gp if and only if it 
is contained in the image of WniOp)- Thus the lemma follows. □ 

Corollary 4.13. Let Ln be the finite Galois extension of Fn corresponding 
to the kernel of the map 

Gp„ Aut(r;y^_^^^^(M)). 

Then an algebraic extension F of Fn in K contains Ln if and only if 

Proof. An algebraic extension F of Fn contains L„ if and only if the action 
of Gp on T*^ K^-^) i^ trivial. By Lemma 14. 12^ this is equivalent to 

5. Ramification bound 



In this section, we prove Theorem 11.11 Let Ad be an object of Mod^o'^ 

I Joe 

which is killed by and let L be the finite Galois extension of K corre- 
sponding to the kernel of the map 

Gx-Aut(r,;,^(A^)). 

Then the theorem is equivalent to the inequality uj^jj^ < u{K,r,n), where 
ui/K denotes the greatest upper ramification break of the Galois extension 
L/K ([in]). For r = 0, the Gi^'-module T*^^^{M) is unramified and the 
assertion is trivial. Thus we may assume p > 3 and r > 1. 

Let Ln be the finite Galois extension of F„ corresponding to the kernel of 
the map 

Gp„ ^ Aut(T,;^(>()). 
Since Fn is Galois over K, the extension L„ = LF„ is also a Galois extension 
of K. Let M G Mod^^ be the filtered i;^r-™odule over S which corresponds 
to AA by the equivalence A4e^ of Proposition [H?T31 Then Proposition 13.151 
and Proposition 14.91 show that Ln is also the finite extension of F„ cut 
out by the Gi?„-module T*^^^^ ^(M). It is enough to prove the inequality 

ULr,/K < u{K,r,n). 

Before proving this, we state some general lemmas to calculate the ram- 
ification bound. Let be a complete discrete valuation field of positive 
residue characteristic, vjy be its valuation normalized as V]sf{N^) = Z and 
j\[sep separable closure. We extend f at to any algebraic closure of A''. 
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Lemma 5.1. Let f{T) G O^vi^] he a separable monic polynomial and 
zi,...,Zd be the zeros of f in Oatscp. Suppose that the set {vNizk — zi) \ 
k = 1, . . . ,d,k ^ i} is independent of i. Put 

Sf= ^ VN{zk - Zi) and Of = sup VN{zk - Zi), 

J 1 J k=l,...,d 
k=l,...,d , V-' 

k^i 

which are independent of i by assumption. If j > Sf + aj, then we have the 
decomposition 

{x G OAfBcp I VN{f{x)) >j}= W {x e On^^-p I Vn{x - Zi) >j- Sf}. 

1=1,. ..,d 

Otherwise, the set on the left-hand side contains 

{x G Oatsop I vn{x — Zi) > a/}, 
which contains at least two zeros of f . 

Proof. A verbatim argument in the proof of Lemma 6.6] shows the claim. 

□ 

Corollary 5.2. Let f{T) he as above and put B = O n[T] / {f {T)) . Let 
us write the N -algebra N' = B ^ product Ni x ■ ■ ■ x Nt of 

finite separable extensions Ni, . . . , Nt of N . If j > Sf + af, then the j-th 

upper numbering ramification group (|pLj), which we let be denoted by G^^\ 
is contained in Gn^ for any i. Moreover, if N' is a field and B coincides 
with 0]\f', then j > Sf + af if and only if Gf^ C G^v'- 

Proof. Note that the algebra B is finite flat and of relative complete intersec- 
tion over On- By the previous lemma, the conductor c{B) of the OAr-algebra 
5 ([U Proposition 6.4]) is equal to sj + Uf. Thus we have the inequality 

c{Oni X ■ ■ ■ X ONt) < c{B) = Sf -\- af 

by the deflnition of the conductor and a functoriality of the functor JF-' 
defined in [Ij. This implies the corollary. □ 

Corollary 5.3. We have the inequality 

^Kic,...)/K < 1 - ,iK{l)/K) + + 

where e{K{C,p)/K) denotes the relative ramification index of K[C,p) over K . 

Proof. Since the Herbrand function is transitive and the finite extension 
K{C,p) is tamely ramified over K, it is enough to show the inequality 

Put N = K{(p) and f{T) = T^" — ("p. These satisfy the assumptions of 
Corollarv 15. 2i We have Sf = ne{K{(p)) and qj = e{K{C,p))/{p — 1) in this 
case. Hence the corollary follows. □ 
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Corollary 5.4. Consider the finite Galois extension Fn = Kn{Cp"+^) of K. 
Then we have the equality 

1 , 

uf„/k = l + + 

Proof. Applying Corollary 15.21 to the Eisenstein polynomial f{T) = T^" — vr 
and N = K shows that j > 1 + e(n + — 1)) if and only if C 
Gxn- From Corollary 15.31 we see that if j > 1 + e(n + — 1)), then 
G'^' C Gx(c^„+i). Since Gf„ = Gk„ n we conclude that j > 

1 + e(n + - 1)) if and only if g\{^ ^Gf„. □ 

Remark 5.5. Note that this argument also shows the equality 

1 , 

Next we assume that the residue field of is perfect. For an algebraic 
extension F of N, we put 

^F/N = {X eOpl VNix) > j}. 

Let Q be a finite Galois extension of and consider the property 
for any algebraic extension F of A^, if there exists 
(Pj) < an OAf-algebra homomorphism Oq — Op/a.-'p^j^, 
^ then there exists an A^-algebra injection Q ^ F 

for j G M>o, as in [10' Proposition 1.5]. Then we have the following propo- 
sition, which is due to Yoshida. Here we reproduce his proof for the conve- 
nience of the reader. 



Proposition 5.6 (\T9\). 

Uq/n = inf{j € M>o I the property {Pj) holds}. 

Proof. By [lOl Proposition 1.5 (i)], it is enough to show that the property 
{Pj) does not hold for j = uqji^ — (e')~^ with an arbitrarily large e' > 0. 
As in the proof of [lOi Proposition 1.5 (ii)], we may assume that Q is totally 
and wildly ramified over A^. Take an arbitrarily large integer e" > with 
{e",pe{Q/N)) = 1. We may also assume that A^ contains a primitive e"- 
th root of unity Set A^' = N{Tr]^''") and Q' = QN'. Note that we have 
'^Q'/N = '^Q/N by assumption. From this proposition in [10], we see that for 
some algebraic extension F of A^, there exists an OAr-algebra homomorphism 
Oqi — > Op/oc'pij^ for j = UQ/j^ — e{Q'/N)~^ but no A^-algebra injection Q' 
F. Since Q/N is wildly ramified, we see that e{Q/N)uQ/j^ — 1 > e{Q/N). 
Hence we have mq/at — e{Q'/N)^^ > 1 > un'/n aiid there exists an A^- 
algebra injection N' ^ F also by this proposition. Thus there exists no 
A'-algebra injection Q ^ F and the property {Pj) for Q/N does not hold. 
Since e{Q'/N) = e"e{Q/N), the proposition follows. □ 
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We see from Proposition l5.6l that to bound the greatest upper ramification 
break ul^//^, it is enough to show the following proposition. 

Proposition 5.7. Let F he an algebraic extension of K. If j > u{K,r,n) 
and there exists an Ok -algebra homomorphism 

then there exists a K-algebra injection Ln F . 

Proof. We may assume that F is contained in K. By assumption, we have 
j > er/{p— 1) and we see that the ideal bp = {x G Op \ vk{x) > er /{p— 1)} 
contains o.''pii^- Thus r/ induces an O/^-algebra homomorphism 

Ol„ ^ Of /hp. 

Since rj also induces an Oi^-algebra homomorphism Op^ — > Opjt^pij^ 
and r > 1, from Corollary 15.41 and [101 Proposition 1.5] we get a iT-linear 
injection F„ F . Thus we see that F contains vr^ and Cp"+i • More precisely, 
we have the following two lemmas. 

Lemma 5.8. There exists i ^'L such that rjii^n) = T^nCp^ mod bp. 

Proof. Since the map rj is O/^-linear, the equality r]{'KnY'^ = vr holds in 
Op/a'pi^. Set x to be a lift of r/(7r„) in Op. Then we have 

vk{x^" - tt) = ^vk{x- vr^Cp") > J- 

Let us apply Lemma [5.11 to f{T) = T^" — vr G Ok\F]- Then, with the 
notation of the lemma, we have 

s/ = 1 - — + ne and a/ = — H -. 

Since j — s f > er /{p — 1) by assumption, we have 

x = vr„Cp" mod bp 

for some i. □ 
Lemma 5.9. There exists g' € Gk such that f?(Cp"+i) = fl''(Cp"+i) mod bp. 

Proof. Set N to be the maximal unramified subextension of K{C,pn+i)/K. 
Since the map Ok — > Otv is etale, there exists a i^T-algebra injection g^ : 
N ^ F such that rj{x) = go{x) mod a'p^j^ for any x £ On- Let w he a 
uniformizer of K{(pn+i) and f{T) E O^vi?"] be the Eisenstein polynomial of 
zu over On- We let f^^{T) G On\T\ denote the conjugate of / by gQ. Then 
/^o satisfies the conditions of Lemma 15.11 By definition we have sjao = Sf 
and ajgo = aj. Since the roots of f^°{T) are conjugates of w over K, 
Lemma 15.11 implies as in the previous lemma that there exists g' S Gk such 
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that g'\N = 5o and ri{vo) = g'{w) mod o'^/^- Since Ok{( is generated 

by w over On, we see that r/(Cp"+i) = 5''(Cp"+i) mod a'^/^- 

Thus it is enough to check the inequahty j — s/ > er/(p — 1). Note 
that Sf is equal to the valuation vk{'Sk{(; n+i)/N) of the different of the 
totally ramified Galois extension K{(pn+i)/N. To bound this, put G = 
Gal{KiCpn+i)/N(Cp)) and e' = e{N{Cp)/N). We have 

VKir{Tu) - w)) < VK{riCp"+i) - Cp"+i) 

for any t £ G and thus 

We also have the equality VKi'SN{(p)/N) = 1 ~ and hence we get 

Sf = vk{Sk{c^,,+,)/n) < 1 - 1/e' + ne. 

Since e' < p — 1, the inequality j — sj > er/{p — 1) holds. □ 

Corollary 5.10. There exists g G Gk such that ri(TTn) = giT^n) mod bp and 
viCp"+^) = ^(Cp^+i) mod bp. 

Proof. Let i € Z and g' S be as in Lemma 15.81 and Lemma 15.91 re- 
spectively. Since Kn n K{(pn+i) = K (see for example [171 Lemma 5.1.2]), 
we can find an element g G Gk such that fl'(7r„) = -KnQp-n- and 5(Cp"+i) = 

5'(Cpn+l). □ 

Lemma 5.11. Form G Z>o, set an ideal b'f^ of Ol„ to be 

bt^ = {X G Ol„ I .^(x) > ^;;r(^} 

and similarly for F. Then the OK-o-lge-hra homomorphism r] induces an 
Ox-algebra injection 

for any m. 

Proof. We may assume that L„ is totally ramified over K. We write the 
Eisenstein polynomial of a uniformizer ttl^ of L„ over Ok as 

P{T) = T^' + CiT^'-l + • • • + Ce'-lT + Ce', 

where e' = e{LrjK). Then z = ti^-kl^) satisfies P[z) = in Oir/a-^y^. Let 

z be a lift of z in Oi?. Since j > 1, we have vk{z) = 1/e'. The condition 
i > e{Ln)r / {p"^{p — 1)) is equivalent to the condition 

Thus the claim follows. □ 
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Since L„ contains F„, we can consider the ring 

and similarly An^F,r+ for F. We give these rings structures of S-algebras 
as follows. The ring An^L„,r+ is considered as a S-algebra by using the 
system {Trn}n€Z>o we chose of p-power roots of vr, as in the previous section. 
On the other hand, using g G Gk in Corollary 15.101 put 7r„ = g{7rn) and 
Cpn+i = g{Cp"+^)- Then we consider the ring An^F,r+ as a S-algebra by using 
a system of p-power roots of vr containing 7r„. We define FiF and (pr of these 
rings in the same way as before. 

Lemma 5.12. The induced ring homomorphism 
is a morphism of the category 'Mod^^- 

Proof. Firstly, we check that fj is S-linear. By definition, this homomor- 
phism commutes with the action of the element n E S. To show the com- 
patibility with the element y G S, let us consider the commutative diagram 



where the horizontal arrows are induced by rj. Note that we have rin{[T^n\) = 
[7f„] and r/„([Cpn+i]) = [Cp"+i]- Let a € W{RY and v = t/^([7r]) G W{RY 
be as in the previous section. Let a„ and Vn denote the images of a and 
V in WniOi^/bi^), respectively. Then the element Vn is a solution of the 
equation 

E{[T:n])Vn = 1 + [Cp-+l] + • • • + [Cp"+lF"^- 

Similarly, we define elements and Vn of Wn{OF /^f) using 7r„ and Qpn+i. 
By definition, the element Vn is a solution of the equation 

E{[%n])Vn = 1 + [Qp^+A + ■■■+ [Cp"+iF~^- 

Now what we have to show is the equality 

in the ring An^F,r+- Since the element an of Wn(C'L„/t'L„) is a linear com- 
bination of the elements 1, [Cp"+i]) • • • > [Cp"+i]^~^ over Z, we have f^(a„) = 
in An^F,r+- The elements Vn and fi{vn) satisfy the same equation in An^F,r+- 
Since these two elements are invertible, we get f/(t'„)~^£'([7r„]) = ^"^^^([vfn]) 
and the equality holds. Since the diagram above is compatible with the 
Frobenius endomorphisms, we see from the definition that t) also preserves 
FiF and commutes with ij^^ of both sides. □ 
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Thus we get a homomorphism of abelian groups 

Then the fohowing lemma, whose proof is omitted in [31 Subsection 3.13], 
imphes that this homomorphism is an injection. We insert here a proof of 
this lemma for the convenience of the reader. 

Lemma 5.13. The ring homomorphism f) : An^Ln,r+ — *■ ^n,F,r+ is an injec- 
tion. 

Proof. Let x = (xq, . . . be an element of WniPL^J^L^) such that 

(r/(o)(xo),...,r/(o)(x„_i)) G ([Cp^] - 

where rj^^^ is as in Lemma [5. Ill Suppose that xq = ■ ■ ■ = Xm-i = for some 
< m < n — 1. Let Zi € Op be a lift of ri^'^\xi). By Lemma l4.6[ we have 

(0, . . . , 0, Zm, . . . , Zn-l) = ([Cp"] - l)''(yO, • • • , Vn-l) 

for some jjo, . . . , Vn-i G w-F- Thus we get yo = • • • = Vm-i = and VK{zm) > 
er/{p^~^~^{p — 1)). Then Lemma 15.111 implies that Xm is contained in the 

ideal bi"~^~™'V^'L„ and 

= ([Cp-] - 1)''(0, . . . , 0, y, 0, . . . , 0) + (0, . . . , 0, . . . , 

for some y G mi^/bL^ and x'^_^_i, ... , x'^_^ G C'L„/^lL„• Repeating this, we 
see that x is zero in A.^^ ^_|_ and the lemma follows. CH 

Now Corollary 14.131 shows that the abelian group T*^^^ (M) has the 

same cardinality as T*^ g k (-^) • This implies that the abelian group 

^crys,F,*„(^) ^as cardTnality"no less than #T*^^^^j^^^jM). Let g e Gk 
be as in Corollary 15.101 Then we have the following lemma. 



Lemma 5.14. The Gpn-module ^ - (M) is isomorphic to the conju- 
gate of the Gp -module T* ^ (M) by the element g. 

CryS, A ,7Tn 

Proof. Let us consider the composite 

y ^ A . -!L A 

of the ring homomorphism defined by u i— > [7r„] and the map induced by 
g. We can check that this is the natural ring homomorphism defined by 
u 1-^ [vf„] as in the proof of Lemma 15.121 Thus we have an isomorphism of 
abelian groups 

f ^ g° f, 

where we consider on the ring An^r+ on the right-hand side the filtered (fir- 
module structure over E defined by tt^- As in the proof of Lemma 15.121 we 
can check that this isomorphism induces an injection 

Homs,Fir,<)!,r(^>^n,r+) Hom2,Fir,</.,(^, ^n,r+)- 
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This is also an isomorphism, for the map f ^ g ^ o f defines its inverse. □ 

Thus we have #T* _ (M) = #r* (M). Since Ln is Galois over 

K, this lemma also shows that the finite Galois extension of Fn cut out 
by the action on T*^^^ - (M) is L„. Hence we see from Corollary 14.131 
that F contains Ln and Proposition [521 follows. This concludes the proof of 
Theorem 11.11 □ 

Proof of Corollary \1.3l The second assertion follows immediately from The- 
orem [TTT] and [8, Theoreme 1.1]. As for the first assertion, note that if r = 
then V is unramified and the assertion is trivial. Thus we may assume p >3. 
Since we have the natural surjection C/p^C 'C-fC, we may also assume 
C = p^C. For M. € Mod^'^'^, let us consider the Gi^-module 



St; 



By [T71 Theorem 2.3.5], there exists M. € Mod^^'^ such that the G/^-module 
C is isomorphic to T*^^^[J^). Then we see that the Gic--module C/p'^C 
is isomorphic to T*^ ^{Ai / p'^ M) and the assertion follows from Theorem 
[Til □ 



Remark 5.15. The ramification bound in Theorem 11.11 is sharp for r < 1. 
Indeed, the greatest upper ramification break 1 + e(n + l/(p — 1)) for r = 1 
is obtained by the p"-torsion of the Tate curve /tt"^ (see Remark 15. 5p . 
The author does not know whether these bounds are sharp also for r > 2. 
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